A Note on Energy Decay of Solutions to a Nonlinear System in Electromagnetism  by Jochmann, Frank
Ž .Journal of Mathematical Analysis and Applications 261, 692705 2001
doi:10.1006jmaa.2001.7568, available online at http:www.idealibrary.com on
A Note on Energy Decay of Solutions to a Nonlinear
System in Electromagnetism
Frank Jochmann
Institut fur angewandte Mathematik, Humboldt Uniersitat Berlin, Rudower Chaussee 25,¨ ¨
10099 Berlin, Germany
Submitted by L. Debnath
Received January 26, 2001
1. INTRODUCTION
The subject of this paper is the nonlinear system of Maxwell’s equations
  E curl H J x , E   Hcurl E, 1.1Ž . Ž .t t
supplemented by the initial conditions
E 0, x  E x , H 0, x H x 1.2Ž . Ž . Ž . Ž . Ž .0 0
and suitable boundary conditions, for example,
 n E 0 on 0,   and nH 0 on 0,   1.3Ž . Ž . Ž .1 2
This system describes the propagation of electromagnetic waves in an
def3arbitrary spatial domain  with    and    . The1 2 1
unknown functions are the electric and magnetic field E, H, which depend
on the time t 0 and the space variable x	. The physical meaning of
Ž .the boundary condition 1.3 is that  is perfectly conducting, such that1
the tangential component of the electric field must vanish.
Ž 3.Furthermore,  , 	 L  denote the dielectric and magnetic permit-
Ž .tivities susceptibilities respectively, which are assumed to be uniformly
positive. The function J describes a possibly nonlinear resistor, i.e., an
electric current, which may depend nonlinearly on the electric field E as

 proposed in 14 . It is assumed that J satisfies the growth and coerciveness
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conditions
2   J x , y  K  x y and yJ x , y   x y 1.4Ž . Ž . Ž . Ž . Ž .0
3 Ž .for all x	 and y	 , with some K 	 0, and some function0
Ž .  1  	 L  of the space variable, which it may decay like x for x  ;
i.e., it is assumed that there exists some 	  0, such that0
 1 x  x  	 for all x	 . 1.5Ž . Ž . Ž .0
Ž .In particular, the nonlinearity J x, 
 is of at most linear growth in y. Of
course the above assumptions include the frequently occurring linear case
Ž . Ž . Ž .J x, y   x y with some nonnegative function 	 L  .
Ž .By the assumption 1.4 one obtains the energy dissipation law
1 d 2 2
 E t   H t dxŽ . Ž .H2 dt 
 E t J x , E t dxŽ . Ž .Ž .H

2 21   E t dx	 1 x E t dx . 1.6Ž . Ž . Ž . Ž .H H0
 
The main topic of this paper is the energy decay of solutions to the
Ž . Ž .system 1.1 , 1.2 .
2 2 t 
 E t   H t dx 0 1.7Ž . Ž . Ž .H

under the condition
H 
 g dx 0 for all g	W 1.8Ž .H 0 H , 0

2Ž 3.on the initial data. Here W denotes the space of all g	 L , ,H , 0
which satisfy curl g 0 on  and the boundary conditions for the
Ž . Ž .magnetic field supplementing the system 1.1 , 1.2 .
 3Ž .Since 	W for all 	 C   in the case of the boundaryH , 0 0 2
Ž . Ž .conditions 1.3 , the condition 1.8 includes
div H  0 on  and the boundary condition nH  0 on  .Ž .0 0 1
Note that even if  is uniformly positive, the energy decay does not
Ž . 
  Ž .  2  Ž .  2 follow directly from the estimate 1.6 , since H  E t  H t dx
 12 Ž . 2 2contains the magnetic energy  H t , which does not occur in theL Ž .
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Ž . Ž .right-hand side of 1.6 . The basic idea of the proof of 1.7 is to introduce
a suitable energy functional in order to obtain also a dissipative term for
the magnetic field. As a byproduct also an algebraic decay rate for initial
states with bounded support is given.
In the case where  is bounded and the damping by J is uniform on ,
Ž .i.e., if and only if the function  in 1.4 has a positive lower bound on ,
Ž . Žit can be shown that the solution E, H decays exponentially as t  see

 . Ž .Remark 2 in 5 , provided that the condition 1.8 is satisfied.

 In 7 decay of solutions to certain semilinear hyperbolic systems includ-
ing Maxwell’s equations in the weak topology is proved in the case where
the damping is present only on an arbitrary subset G of  without any
specific assumptions on the geometry of the sets  and G . In particular,
q 
 if the damping term is monotone local strong L -decay is proved in 7 for

 .all q	 1, 2 . The energy decay of solutions of nonlinear Maxwell’s equa-

  
 tions in bounded domains has been shown in 8 . In 6 it is shown that in
Ž . Ž . Ž .the exterior domain case the solution E, H of 1.1 , 1.2 behaves asymp-
totically like a free space solution as t , provided that  1,  1,
Ž . Ž  .Ž1 0 .  and  in 1.4 decay like 1 x as x   with some   0.0
The energy decay of solutions of the nonlinearly damped scalar wave

  
 equation in bounded domains has been shown in 2 and 4 by identifying

 the weak -limit set of the trajectories. In 12 decay in the weak topology
for the scalar wave equation with nonmonotone nonlinear damping is
proved. Exponential energy decay in the case of a bounded domain and

 uniform damping is shown in 3 .

 In 15 also decay rates are obtained, which depend on the behavior of

  
 the damping term for y near zero. Also in 10 and 13 decay estimates for
nonlinear damped wave equations are proved, in which the damping term
is effective only on a neighborhood of a suitable subset of the boundary.
2. DECAY OF SOLUTIONS
Let 3 be an arbitrary spatial domain and the dielectric and
Ž . Ž .magnetic permittivities susceptibilities  , 	 L  be uniformly posi-
Ž .tive; i.e., it is assumed there exist some   0,  	 0, ,   0, and1 2 1
Ž . 	 0, , such that2
   x   and    x   for all x	 . 2.9Ž . Ž . Ž .1 2 1 2
The quantity
def 12C    2.10Ž . Ž .M 1 1
is the maximal possible propagation speed of the waves.
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Next, it is assumed that the nonlinear function J: 33 satisfies
Ž . Ž .1.4 and 1.5 . Its dependence on the space variable may be discontinuous;
i.e.,
J 
, y 	 L  and J x , 
 	 C1 3 ,3 2.11Ž . Ž . Ž . Ž . Ž .
for all fixed y	3 and x	. It is also assumed that J is Lipschitz
Ž .continuous; i.e., there exists L	 0, , such that
3 J x , y  J x , y  L y y for all y, y	 and x	 . 2.12Ž . Ž . Ž .˜ ˜ ˆ
Next, some function spaces related to Maxwell’s equations are introduced.
Ž . Ž .Let W be a closed subspace of H  , with C  W andH cur l 0 H
Ž 3. Ž .h	W for all h	W and 	 C  . Here H  , is the space ofH H 0 cur l
2Ž 3. 2Ž .all E	 L , with curl E	 L  .
Ž .Next, W is defined as the set of all E	H  , such thatE cur l
E curl F F curl E dx 0 for all F	W .H H

This includes for example the spaces with the mixed boundary conditions
  
 n E 0 on  and nH 0 on  ; see 6 .1 2

  
 As in 6 and 7 let B the skew self-adjoint operator
def 1 1B E, H   curl H, curl EŽ . Ž .
def
for E, H 	D B W WŽ . Ž . E H
def 2 6Ž .in the Hilbert space XL , endowed with the scalar product
def² :E, H , F, G  E 
 F H 
 G dx .Ž . Ž . Ž .HX

Ž . Ž
 . . Ž . Ž .Now E, H 	 C 0, , X is a weak solution to 1.1  1.3 , if
t
E t , H t  exp tB E , H  exp t s B F E s , H s ds,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .H0 0 
0
2.13Ž .

 see 1, 6, and 7 . Here F : X X is defined by
def 1F u  J x , u , 0Ž .Ž . 1
Ž .and exp tB , t	, denotes the unitary group in X generated by B.
FRANK JOCHMANN696
Since F : X X is Lipschitz-continuous, it follows easily from the
Ž .contraction mapping principle that 2.13 has a unique weak solution
Ž . Ž
 . .E, H 	 C 0, , X .
Ž . Ž .Under the additional regularity assumption E , H 	D B it follows0 0

 from the result in 11, Corollary 2.5, Sect. 4.2 that
1E, H 	 C 0, , X  C 0, , D B 2.14Ž . . . Ž . Ž .Ž . Ž .
is a strong solution of
 E t , H t  B E t , H t  F E t , H t .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .t 
Ž . Ž .By the assumption 1.4 one obtains from 2.13 the energy estimate
1 d 2 ² :E t , H t  F E t , H t , E t , h tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .X  X2 dt
2 E t J x , E t dx  E t dx .Ž . Ž . Ž .Ž .H H
 
2.15Ž .
In order to obtain also a dissipative term also for the magnetic field, the
energy functional has to be modified. For this purpose a vector potential A
is introduced. Suppose that there is some A	W withE
curl A  H . 2.16Ž .0 0
Let
t
A t  A t  E s ds. 2.17Ž . Ž . Ž . Ž .H0
0
Ž .Recall that E, H as a solution of the Maxwell system obeys
d
² : ² : ² :E t , H t , u  E t , H t , Bu  F E s , H s , uŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .X X  Xdt
2.18Ž .
Ž .for all u	D B .
ENERGY DECAY IN A NONLINEAR SYSTEM 697
Ž . Ž . Ž .Let g	W . Then it follows from 2.16 , 2.17 , and 2.18 thatH
A t curl g dxŽ .H

² : A t , 0 , B 0, gŽ . Ž .Ž . X
t² :² : A , 0 , B 0, g  E s , H s , B 0, g dsŽ . Ž . Ž . Ž . Ž .Ž .H X0 X
0
² : B A , 0 , 0, gŽ . Ž .0 X
dt ² : ² : E s , H s , 0, g  F E s , H s , 0, gŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H X  Xdt0
² :² : ² : 0, H , 0, g  E t , H t , 0, g  E , H , 0, gŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . X0 0 0X X
 H t g dx .Ž .H

Ž .Hence A t 	W withE
curl A t  H t . 2.19Ž . Ž . Ž .
Ž
 . . 1Ž
 . 2Ž ..Further, A	 C 0, , W  C 0, , L  satisfiesE
 AE. 2.20Ž .t
Ž Ž . Ž ..The next lemma says that the propagation speed of E t , H t does not
def 3Ž .    4exceed c defined in 2.10 as t . For r 0 let B  x	 : x  r .M r
LEMMA 1. Suppose that
E x H x  0 for all x	B with some R 0. 2.21Ž . Ž . Ž .0 0 R
Ž . Ž .Then E t, x H t, x  0 for all x	B and t 0.Ž Rc t .M
Ž . Ž .Proof. By the density of D B in X it suffices to consider E , H 	0 0
Ž . Ž . Ž .D B . For  0 let g	 C  be a nondecreasing function with g u  1
Ž .for all u 1  and g u  0 for all u 1 and define
def 1  E t  g R c t x E t , H t , E t , H t .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .¦ ;Ž . M X
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Ž . Ž .Then it follows from 2.14 and the positivity assumption 1.4 that
d 1  E t  2 g R c t x E t , H t , B E t , H tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .¦ Ž . Mdt
F E t , H tŽ . Ž .Ž .; X
2 c R c tŽ .M M
1    x g R c t x E t , H t , E t , H tŽ . Ž . Ž . Ž . Ž .Ž . Ž .¦ ;Ž .M X
1   2 g R c t x E t , H t , B E t , H tŽ . Ž . Ž . Ž . Ž .Ž . Ž .¦ ;Ž .M X
2 c R c tŽ .M M
2 21    x g R c t x  E t   H t dxŽ . Ž . Ž .Ž .Ž .H M

1   2 E t H t  g R c t x dxŽ . Ž . Ž .Ž .H ž /M

1 c R c tŽ .M M
2 21   g R c t x  E t   H t dx ,Ž . Ž . Ž .Ž .Ž .H M

  ŽŽ .1  .Ž .1 ŽŽ .1  .since x g R c t x R c t  g R c t x by the as-M M M
sumptions on g. In the above calculation it is used that
² : ² : u, v , B u, v  B  u, v , u, vŽ . Ž . Ž . Ž .Ž .X X
 1 v  ,1 u  , u, v² :Ž .Ž . X
² : B u, v , u, vŽ . Ž . X
² : 2 u v  dx B u, v ,  u, vŽ . Ž . Ž .H X

Ž . Ž . Ž 3. Ž .for all u, v 	D B and 	 C  . Hence one obtains by 2.9 and0
Ž .2.10 that
d 1 1  E t  2 R c t g R c t x E t H t dxŽ . Ž . Ž . Ž . Ž .Ž .H M Mdt 
1 c R c tŽ .M M
2 21   g R c t x  E t   H t dxŽ . Ž . Ž .Ž .Ž .H M

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1 1   c R c t g R c t xŽ . Ž .Ž .HM M M

2 212 12 2 E t  H t   E t   H t dx 0.Ž . Ž . Ž . Ž .
2.22Ž .
Ž . Ž .Next, 2.21 and 2.22 yield
2 2
 E t   H t dxŽ . Ž .Ž .H
 BŽ1 .Ž Rc t .M
 E t  E 0Ž . Ž . 
2 2  E 0   H 0 dx 0. 2.23Ž . Ž . Ž .Ž .H
 BR
Ž .Finally, the assertion follows from 2.23 by letting  0.
Ž .THEOREM 1. There exist constants L	 0, ,  0, such that the esti-
mate
2 21E t , H t  1 R c t  A t dxŽ . Ž . Ž . Ž .Ž . HX M

Ž .  L 1 R 1 R c tŽ . Ž .M
2 1 2  E , H  1 R  A dxŽ . Ž . H0 0 0X

Ž . Ž . Ž .holds for all R 0, E , H 	 X, A 	W , which satisfy 2.16 and 2.21 .0 0 0 E
Ž . Ž .Proof. First, it follows from 2.19 and 2.20 that
d
 E t A t dxŽ . Ž .Hdt 
d
² : E t , H t , A t , 0Ž . Ž . Ž .Ž . Ž . Xdt
² : ² : E t , H t , B A t , 0  F E s , H s , A t , 0Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .X  X
² : E t , H t ,  A t , 0Ž . Ž . Ž .Ž . Ž .t X
 H t curl A t dx J x , E A t dx E t  A t dxŽ . Ž . Ž . Ž . Ž . Ž .H H H t
  
2 2  E t   H t dx J x , E A t dx 2.24Ž . Ž . Ž . Ž . Ž .Ž .H H
 
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and
d 2
 A t dx2  E t A t dx . 2.25Ž . Ž . Ž . Ž .H Hdt  
For  0 and  0 the energy functional
def 2 11E t  E t , H t   1 R c t E t A t dxŽ . Ž . Ž . Ž . Ž . Ž .Ž . HX ,  M2

21  1 R c t  A t dx , 2.26Ž . Ž . Ž .HM

Ž . Ž . Ž . Ž .where c is as in 2.10 and A is as in 2.17 , is introduced. By 1.4 , 2.24 ,M
Ž . Ž .2.25 , and 2.15 it follows that
d
² :E t  F E t , H t , E t , H tŽ . Ž . Ž . Ž . Ž .Ž . Ž . ,   Xdt
2 21  1 R c t  E t   H t dxŽ . Ž . Ž .Ž .HM

1  1 R c t J x , E A t dxŽ . Ž . Ž .HM

2 c 1 R c t E t A t dxŽ . Ž . Ž .HM M

22 c 1 R c t  A t dxŽ . Ž .HM M

1 2 1 R c t  E t A t dxŽ . Ž . Ž .HM

2 21  E t dx  1 R c t  H t dxŽ . Ž . Ž .H HM
 
3
22 c 1 R c t  A t dx f tŽ . Ž . Ž .ÝHM M k ,  , 
 k1
2.27Ž .
with
def 21f t  1 R c t  E t dx , 2.28Ž . Ž . Ž . Ž .H1,  ,  M

def 1f t  K  2 1 R c t  E t A t dx , 2.29Ž . Ž . Ž . Ž . Ž . Ž .H2,  ,  0 M

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and
def 2f c 1 R c t E t A t dx . 2.30Ž . Ž . Ž . Ž .H3,  ,  M M

Ž . Ž .Next, one obtains from the assumption 1.5 , 2.21 , and Lemma 1 that
211  f t  	  1 R c t 1 x  E t dxŽ . Ž . Ž . Ž .H1,  ,  0 2 M

211   	  1 R c t 1 x  E t dxŽ . Ž . Ž .H0 2 M
BŽRc t .M
21 	   E t dx , 2.31Ž . Ž .H0 2

2
f t  14  E t dxŽ . Ž .H2,  , 

22 2 K  2 1 R c t  A t dx , 2.32Ž . Ž . Ž . Ž .H0 M

and
21  f t  	  c 1 R c t 1 x  E t A t dxŽ . Ž . Ž . Ž . Ž .H3,  ,  0 2 M M

11 	  c 1 R c t  E t A t dxŽ . Ž . Ž .H0 2 M M

2 14  E t dxŽ .H

222 2 2 2  	  c 1 R c t  A t dx . 2.33Ž . Ž . Ž .H0 2 M M

Ž . Ž .Now, it follows from 2.27  2.33 that
d 21E t  	   12  E t dxŽ . Ž .Ž .H ,  0 2dt 
21  1 R c t  H t dxŽ . Ž .HM

2 22 2 2 2 K  2   	  c  c 1 R c tŽ . Ž .0 0 2 M M M
2
  A t dx . 2.34Ž . Ž .H

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Ž . Ž .Next, we obtain from the assumption 1.5 , 2.21 , and Lemma 1 again the
following estimate for the second term in the definition of E :
1
 1 R c t E t A t dxŽ . Ž . Ž .HM

112 12 	  1 R c tŽ .0 2 M
12 12 12  1 x  E t  A t dxŽ . Ž . Ž .H

1212 12 12 12 	  1 R c t  E t  A t dxŽ . Ž . Ž .H0 2 M

2 211 2 1 E t , H t   	  1 R c t  A t dx .Ž . Ž . Ž . Ž .Ž . HX 0 2 M4

2.35Ž .
Furthermore,
2 211   E t dx 	  1 x  E t dxŽ . Ž . Ž .H H0 2
 
211 	  1 R c t  E t dx . 2.36Ž . Ž . Ž .H0 2 M

Ž . Ž . Ž .Now, it follows from 2.34 , 2.35 , and 2.36 and the definition of E that
 0 and  0 can be chosen so small that there exist constants c  0,1
Ž . 0, and C 	 0, independent of t and R with1
2 21c E t , H t  1 R c t  A t dxŽ . Ž . Ž . Ž .Ž . HX1 Mž /

 E tŽ .
2 21 C E t , H t  1 R c t  A t dx 2.37Ž . Ž . Ž . Ž . Ž .Ž . HX1 Mž /

and
d 2 21E t 14  E t dx  1 R c t  H t dxŽ . Ž . Ž . Ž .H H ,  Mdt  
22 c 2 1 R c t  A t dxŽ . Ž .HM M

1c  1 R c t E t . 2.38Ž . Ž . Ž .M M 
Ž . Ž .Finally the assertion follows from 2.37 , 2.38 , and Gronwall’s lemma.
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2Ž 6.For the following considerations let Z be the space of all h	 L ,H
with
h 
 g dx 0 for all g	W . 2.39Ž .H H , 0

Here W denotes the space for all g	W with curl g 0; i.e.,H , 0 H
g curl f dx 0 for all f	W .H E

THEOREM 2. Suppose that in addition J is monotone; i.e.,
y y J x , y  J x , y  0 for all y, y	3 and x	 . 2.40Ž . Ž . Ž . Ž .Ž .˜ ˜ ˜
Then one has
2 t 
E t , H t 0,Ž . Ž .Ž . X
Ž .for all E , H 	 X with H 	 Z .0 0 0 H
Ž . Ž
 . . Ž . Ž
 . .Proof. Let E, H 	 C 0, , X and F, G 	 C 0, , X be the solu-
Ž . Ž .tions belonging to the initial states E , H 	 X and F , G 	 X respec-0 0 0 0
Ž . Ž .tively. By the assumption 2.40 one obtains from 2.13 the energy esti-
mate
1 d 2
E t  F t , H t G tŽ . Ž . Ž . Ž .Ž . X2 dt
² F E t , H t  F F t , G t ,Ž . Ž . Ž . Ž .Ž . Ž . 
:E t  F t , H t G tŽ . Ž . Ž . Ž .Ž . X
 E t  F t J x , E t  J x , F t dx 0,Ž . Ž . Ž . Ž .Ž . Ž .H

and thus
E t  F t , H t G t  E  F , H G . 2.41Ž . Ž . Ž . Ž . Ž . Ž .Ž . X 0 0 0 0 X
Ž .Hence it suffices to prove the assertion for E , H belonging to a dense0 0
2Ž .subspace of L   Z with respect to the X topology. Let Z  Z beH 1 H
the space of all 1 curl A with A	W , which vanish outside some finiteE
Ž . Ž .ball, i.e., with A x  0 for all x	B 0 with some R 0. It followsR
from Theorem 1 that
2 t 
E t , H t 0,Ž . Ž .Ž . X
FRANK JOCHMANN704
Ž . 2Ž .for all E , H 	 L   Z which have bounded support. Therefore it0 0 1
remains to prove that Z is dense in Z .1 H
defŽ . Ž .Suppose A	W . Let  	 C B with   1 on B and  x E 1 0 2 1 1 n
defŽ . xn . Now define A  A for n	. Then A 	W has bounded1 n n n E
support; in particular,
1 curl A 	 Z . 2.42Ž .n 1
Ž .With curl A    A  curl A it follows thatn n n
2  2 2curl A  curl A  1  curl A    AŽ . Ž .L Ž . Ž . Ž .L  L n n n
n 
2 2  3      curl A  A  0.L Ž B . L Ž . L Ž .nn
Ž .By 2.42 this implies that
def 1Z is dense in Z  curl A: A	W . 2.43Ž . 41 E
Finally, it remains to show that Z is dense in Z . By its definition theH
space W coincides with the orthogonal complement Z of Z withH , 0
respect to the weighted scalar product
def² :f, g  f 
 g dx . H

Hence
 Z W  Z  ZH H , 0
Ž .by 2.39 , which completes the proof.
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